The adiabatic decay of different types of internal wave solitons caused by the Earth' rotation is studied within the framework of the Gardner-Ostrovsky equation 
Introduction
The model Gardner-Ostrovsky (GO) equation, was derived for the description of long internal waves of large amplitude where  is the density difference between the lower and upper layers, m is the mean water density, g is the acceleration due to gravity, h1 and h2 are thicknesses of upper and lower layers, respectively, and f is the Coriolis parameter characterizing the Earth' rotation at the particular geographical latitude. Equation (1.1) combines the dispersion effects due to non-hydrostaticity caused by the finiteness of basin depth (the Boussinesq dispersion proportional to  ) and due to Earth's rotation (the Coriolis dispersion proportional to  ). The equation contains also two nonlinear terms proportional to  and 1. The former one is the traditional quadratic nonlinear term appearing due to hydrodynamic nonlinearity, as in the Korteweg-de Vries (KdV) equation (Whitham, 1974) , whereas the latter term appears either when the first term becomes anomalously small [such situation arises in the internal wave dynamics Equation ( 1.1) is apparently non-integrable and even its stationary solutions are unknown.
Moreover, according to "antisoliton theorem", stationary solitary type solutions of this equation are impossible if  > 0 (Leonov, 1981; Galkin & Stepanyants, 1991) . In the meantime, in the absence of rotation ( = 0) the GO equation reduces to the well-known and completely integrable Gardner equation (Slyunyaev & Pelinovsky, 1999; Slyunyaev, 2001 ). The latter equation has soliton solutions whose profile essentially depends on the amplitude and sign of cubic coefficient 1, whereas the coefficient  determines only a solitary wave polarity when 1 < 0 (a soliton has positive polarity (hump wave) if  > 0, and negative polarity (depression wave) otherwise) or the asymmetry of solitary waves of opposite polarity when 1 > 0 (see below for clarification). It is a matter of interest to study the influence of weak rotation on the dynamics of quasi-stationary Gardner solitons in application to large amplitude internal waves. Such waves are often observed in shallow coastal regions where they may have an influence on human activity, engineering constructions, off-shore petroleum exploration, production and sub-sea storage activities, etc.
In another limiting case of very long internal waves the small-scale Boussinesq dispersion can be neglected, then equation (1.1) reduces to the equation which is knowns as the reduced Gardner-Ostrovsky (rGO) equation (Obregon & Stepanyants, 2014 ):
The particular versions of this equation were considered in many papers starting from the original paper by Ostrovsky (Ostrovsky, 1978) [see also the reviews (Ostrovsky & Stepanyants, 1990; Grimshaw et al., 1998b; Stepanyants, 2006) and references therein].
In this paper we present asymptotic solutions for slowly varying Gardner solitons of internal waves due to influence of Earth' rotation. We show that the rotation leads to soliton terminal 4 decay; we estimate the life time of Gardner solitons and characteristic spatial scales of their decay. It is found that the character of soliton decay is different for the bell-shaped and table-top solitons -in the former case solitons decay adiabatically keeping their profiles, whereas in the latter case, solitons, being structurally unstable, quickly transfer first into the bell-shaped solitons which decay then adiabatically.
To study the process of soliton decay it is convenient to transfer first Eq. (1.1) into the dimensionless form using the normalized variables:
where U0 is the characteristic amplitude of initial perturbation, and L0 is its characteristic width (these parameters will be specified below). In the new variables Eq. (1.1) reads:
1 Ur 5) where  = 1U0 /,  =  L0 2 /(U0), and Ur = U0 L0 2 / is the well-known Ursell parameter in the theory of shallow water waves [see, e.g., (Whitham, 1974; Dingemans, 1997) ].
The pulse-type initial condition for Eq. (1.5) reads:  (0, ) = F (), where function F () has a unit amplitude and unite width.
In the typical oceanic conditions the coefficients of Eq. (1.1) are such that  < 0,  > 0,  > 0, whereas the coefficient 1 may be both positive and negative (distributions of all these coefficients in the World Ocean are presented in (Grimshaw et al., 2007) ). As the consequence of that, the dimensionless coefficient  may be also both positive and negative, whereas the parameters Ur and  in Eq. (1.5) are always positive for oceanic waves.
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2. Influence of rotation on the dynamics of Gardner solitons when 1 < 0
The theoretical analysis
We start our analysis with the most typical oceanic case when 1 is negative (and hence  is negative too). Presume also that the initial perturbation is a soliton whose polarity is negative in this case (Apel et al., 2007) and present Eq. (1.5) in the form which is more convenient for the application of the perturbation analysis, namely
where limits of integration in the right-hand side are chosen such that the perturbation is zero far away from the soliton front, i.e. at  = . 
We will be using also another form of soliton solution which is equ1ivalent to Eq. (2.2a) but reads differently:
where  2 = 1 -B 2 and other three parameters can be presented in terms of :
The amplitude of Gardner soliton (2.2a) is determined by the formula
The soliton profile varies with the parameter B from the bell-shaped KdV soliton, when B  1, to the table-top soliton, when B  0. Figure 1 shows soliton solution (2.2) for several values of parameter B. The table-top soliton resembles a meander-type pulse, which can be treated as a pair of stationary moving kink (dissipationless shock wave) and anti-kink (see line 3 in Fig. 1 ).
The kink is described by the first tanh-function in Eq. (2.2b), whereas the anti-kink is described by the second tanh-function in that equation. Such representation is especially helpful when the widths of kink and anti-kink fronts  are much less than the distance between them. 
In general, an analytical solution to this equation can be presented in the implicit form in a quadrature: 
(Note that soliton polarity is such that the product U0 (h1 -h2) is always positive.) The extinction time can be compared with the total soliton duration which can estimated as:
Thus under the chosen set of parameters, the extinction time of the KdV soliton due to Earth' rotation is about 50 times greater than its characteristic duration. 
The numerical results
The process of soliton decay under the influence of large-scale Coriolis dispersion was numerically investigated with the help of numerical scheme described in details in . In the result of this study it was discovered that the adiabatic theory works quite well for small-amplitude solitons and small parameter  [see also (Grimshaw et al., 2016) ]. This is illustrated by triangles scattered around line 1 in Fig. 2 The failure of the adiabatic theory in application to large-amplitude Gardner solitons is related with the composite structure of such solitons. As has been mentioned above, they can be treated as a superposition of coupled kink and anti-kink described by Eq. (2.2b). The kink propagating to the right, generates the negative near-field pedestal which affects the following anti-kink. In the result of that the table-top soliton becomes wry rather than symmetric. This In spite of the near-field trailing perturbation is negative, the total mass of generated wave train is positive. This can be shown on the basis of the following reasoning similar to that used in the paper (Grimshaw et al., 2003) . The mass of a perturbation can be defined as
; within the framework of GO equation this quantity is zero. This follows directly from Eq. (1.1) or in the normalised variables, from Eq. (1.5). If a soliton of nonzero mass is studied in the finite spatial interval of length L (which is the case in the numerical simulations), then the constant pedestal should be added to make the total mass equal to zero: ; line 4 -the total mass of generated wave train behind this soliton.
In the KdV limit, B0  1, Eq. (2.19) reduces to the linear dependence Ms = 2(1 -). The mass of generated wave train in this case is described by simple formula Mwt = 2. These dependences correspond to lines 3 and 4 in Fig. 7 . Its amplitude is -2/, the characteristic half-width is (6 /Ur) 1/2 , and velocity V = 0 (in the reference frame moving with the linear velocity c).
For further consideration it is convenient to make soliton amplitude U and characteristic width  equal to unity in the dimensionless variables. To this end we put  = B -1 and Ur = 24/(B + 1). Then both families of bell-shaped solitons with B  1 and B ≤ -1 can be presented in the universal form which contains only one free parameter B:
The soliton profiles as described by the dimensionless formula (3.2) are shown in Fig. 9 for several values of parameter B (note that in this variable the algebraic soliton formally has a unit amplitude but zero width). where B0 is the initial value of parameter B at  = 0. However, in the KdV limit (B0  1+), Eq.
(3.4) simplifies and reduces to the equation similar to Eq. (2.9):
with the very same exact solution (2.10) for the parameter B or solution (2.11) in terms of soliton amplitude.
In another limit B0   Eq. (3.3) again simplifies and reduces to
In the last equality it has been used that for the normalized initial soliton with the unit amplitude and characteristic width, the parameters  and Ur are (see above): The traversed path for the bell-shaped soliton until its disappearance can be calculated numerically; it is not presented here.
The characteristic soliton scale () can be calculated using Eq. (2.3a):
Graphics of ( t) against time are shown in Fig. 13 for different values of B0. In the course of soliton propagation, the width monotonically increases with time and tends to infinity when a soliton with B0 > 1 vanishes or when a soliton with B0 < -1 turns to the algebraic soliton (see, e.g., line 3 in Fig. 13 ). 
The numerical results for soliton decay under the influence of large-scale Coriolis dispersion were obtained with the help of the same numerical code as in Sec. 2. As has been mentioned above, the extinction time of an algebraic soliton formally is zero (see Fig. 11 ). Figure 14 illustrates disintegration of algebraic soliton into nonstationary wave trains and, possibly, breathers. As one can see, the soliton radiates a long quasi-sinusoidal wave and quickly changes its own shape and polarity. Then, in the process of evolution it transfers into a nonstationary wave train which, apparently, contains one or two breathers which can represent an intermediate asymptotic of soliton evolution. The breathers of the Gardner equation , apparently, will decay in turn due to the influence of large-scale Coriolis dispersion. Therefore one can expect again that an envelope NLS-type soliton will be formed eventually after a long-term evolution of 28 an algebraic soliton or a breather. The influence of Earth' rotation on the long-term dynamics of algebraic solitons and breathers will be considered elsewhere.
Conclusion
In this paper we have analysed the influence of weak Earth' rotation on adiabatic decay of all types of solitary waves within the framework of Gardner-Ostrovsky equation. We consider the On the basis of the results obtained we have presented estimates for soliton life times in a real ocean.
